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Abstract. This article is devoted to the study of the historic set, which 
was introduced by Ruelle, of Birkhoff averges in some nonuniformly hy¬ 
perbolic systems via Pesin theory. Particularly, we give a conditional 
variational principle for historic sets. Our results can be applied (i) 
to the diffeomorphisms on surfaces, (ii) to the nonuniformly hyperbolic 
diffeomorphisms described by Katok and several other classes of diffeo¬ 
morphisms derived from Anosov systems. 
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1 Introduction 

(M, d, f) (or (M, /) for short) is a topological dynamical system means that (M, d) 
is a compact metric space together with a continuous self-map f \ M ^ M. For a 
continuous function <^9 : M —)■ M, M can be divided into the following two parts: 


M= ljM(v9,a)UM(v9,/), 


aeR 


where 



n—l 


i=0 


* Corresponding author 

2010 Mathematics Subject Classification: 37D25, 37D35, 37C40 


1 



and 


M(93, /) = < X e M : lim — </3(/*x) does not exist 1. 

n^oo n 

^ i=0 ^ 

The level set M{ip^ a) is so-called multifractal decomposition sets of ergodic averages 
of (p in multifractal analysis. There are fruitful results about the description of the 
structure ( Hausdorff dimension or topological entropy or topological pressure) of these 
level sets. See e.g. [3l SJ [101 El US US [Ml [Ml EQ] and the references therein. 

The set M{ip, f) is called the historic set of ergodic average of p. This terminology 
was introduced by Ruelle in [23]. It is also called non-typical points (see 0 ). irregular 
set (see |261E7]) and divergence points (see M)- By Birkhoff’s ergodic theorem, M{p, f) 
is not detectable from the point of view of an invariant measure, i.e., for any invariant 
measure p, 

= 0 . 

However, Chen, Kupper and Shu [9] proved that X{p,f) is either empty or carries 
full entropy for maps with the specification property. Thompson [26| extended it 
to topological pressure for maps with the specihcation property. In [2^, Thompson 
obtained the same result for maps with ^f-almost product property, which can be applied 
to every /3-shift. This implies that M{p,f) is “thick” in view of topological entropy 
and topological pressure. Recently, Bomfim and Varandas [7] studied the upper bound 
estimates for topological pressure of historic sets for weak Gibbs measures. Motivated 
by their work, the aim of this paper is to study the topological entropy of historic set 
in some nonuniformly hyperbolic systems via Resin theory. Particularly, a conditional 
variational principle is obtained for historic sets. 

This article is organized as follows. In section 2, we provide some notions and 
results of Resin theory and state the main result. Section 3 is devoted to the proof of 
the main results. Examples and applications are given in section 4. 

2 Preliminaries 

In this section, we first present some notations to be used in this paper. Then we 
introduce some notions and results of Resin theory [21 El E2] and state the main 
results. 

We denote by f) and f) the set of all /-invariant Borel probability 

measures and ergodic measures respectively. For an /-invariant subset Z (Z X, let 
denote the subset of f) for which the measures p satisfy p{Z) = 

1 and ^erg{Z,f) denote those which are ergodic. Denote by C^{M) the space of 
continuous functions from M to M with the sup norm. For p G C^{M) and n > 1 we 
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denote Y^^=o 5'„(^(x). For every e > 0, n G N and a point x G M, define 

Bn{x, e) = {?/ G M : d{f’‘x, py) < e, VO < i < n —1}. The n-ordered empirical measure 
of X is given by 

^ n—l 

<^n{x) = — Sfi^, 
i=0 

where 6y is the Dirac mass at y. Denote by V{x) the set of limit measures of the 
sequence of measures S‘n{x). 

Suppose M is a compact connected boundary-less Riemannian n-dimension mani¬ 
fold and / : X —)■ X is a diffeomorphism. Let y G ^erg{Z,f) and Df^ denote 

the tangent map of / at x G M. We say that x G X is a regular point of / if there 
exist Ai(/i) > X 2 {y) > ■■■ > A<^(^)(/i) and a decomposition on the tangent space 
TxM = F'l (x) © • • • © (x) such that 

lim -log||(D/”)n|| = Aj(x), 

n^oo fi 

where 0 7 ^ n G Ej{x),l < j < 0(/i). The number Xj{x) and the space Ej{x) are called 
the Lyapunov exponents and the eigenspaces of / at the regular point x, respectively. 
Oseledets theorem na say that all regular points forms a Borel set with total measure. 
For a regular point x G M, we define 

A+(/i) = min{Ai(/i)|Aj(/i) > 0,1 < i < 0(/i)} 

and 

X~{y) = mm{-Xi{y)\Xi{fi) <0,1 <i < 4>{y)}. 

We appoint min0 = 0. An ergodic measure y is hyperbolic if X'^{y) and X~{y) are 
both non-zero. 

Definition 2.1. Given (^ 1,(^2 ^ e > 0 and for all k G Z’*', the hyperbolic block = 
Ek{(di, (^ 2 , e) consists of all points x G M such that there exists a decomposition T^M = 
E^ © Ef satisfying: 

. Df‘(E‘) = Ey and Df\E-) = 

• \\Df'^\E^pJ\\ < Vf G Z,n > 1; 

• ||D/“”|F^Jt 3 ,|| < Vf G Z,n > 1; 

• tan(Z(E^t^,F;“t^)) > Vt G Z. 

00 

Definition 2.2. K{f3i,f32,e) = IJ Kk{(3i, f32,e) is a Pesin set. 

k=l 
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The following statements are elementary properties of Pesin blocks (see [22]): 

(1) Al C A 2 C ; 

(2) /(Afc) CA,+1,/-1(A,) 

(3) Afc is compact for each A: > 1; 

(4) For each A; > 1, the splitting 3 x ® E'^ is continuous. 

The Pesin set A(/9 i,/92 T) is an /-invariant set but usually not compact. Given an 
ergodic measure fi G ^erg(Af,/), denote by /i|A; the conditional measure of fi on A;. 
Let A; = supp(/i|A;) and A^ = lJz>i if ^ is an ergodic hyperbolic measure for / and 
(5i < X~{oj) and (32 < A+(a;), then oj G ^inv(Aa;,/). 

Let be a sequence of positive real numbers. Let {xn}'^=_oc ^ sequence 

of points in A = A{(3i,(32,e) for which there exists a sequence {sn}^_oo of positive 
integers satisfying: 

(a) Xn G As„, Vn G Z; 

(b) \sn - s„-i| < 1, Vn G Z; 

(c) d{f{xn),Xn+i) < Ss„,yn G Z, 

then we call {xn\'^=-oo ^ pseudo-orbit. Given > 0 a point x G M is an 

//-shadowing point for the pseudo-orbit if d{f"'{x),Xn) < rjes^^n G Z, where 

Cfc = and eo is a constant only dependent on the system of /. 

Weak shadowing lemma. [T21 |15l [22] Let f : M ^ M be a diffeomorphism, 
with a non-empty Pesin set A = A{/3i, /32, e) and fixed parameters, fii, /92 S> e > 0. For 
r] > 0 there exists a sequence {5^} such that for any {5^} pseudo-orbit there exists a 
unique rj-shadowing point. 

Bowen’s topological entropy Bowen introduced his concept of topological en¬ 
tropy in [8]. This study dehnes it in an alternative way for convenience [19]. Given 
Z (Z M,e > 0 and A^ G N, let Tn{Z, e) be the collection of all hnite or countable covers 
of Z by sets of the form Bn{x, e) with n > N. For each s G M, we set 

m(Z, s, iV, e) = inf I ^ : C G F„(Z, e) |, 

f S„(x,e)GC ^ 

and 


m{Z,s,e)= lim m{Z,s,N,e). 

N^oo 

Dehne 


htop{Z, e) = inf{s G M : m{Z, s, e) = 0} = sup{s G M : m{Z, s, e) = 00 }, 
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and topological entropy of Z is 


/itop(Z) := lim/itop(Z,e). 
e -)-0 

Now, we state the main result of this paper as follows: 

Theorem 2.1. Let f ■. M ^ M be a diffeomorphism of a compact Riemannian 

manifold, with a non-empty Resin set A = A(/ 3 i,/ 32 ,e) and fixed parameters, (di, (^2 ^ 
e > 0 and let pi G ^erg{M, f) he any ergodic measure. Let 

N{A^) = {xeM-. n /) ^ 0}. (2.1) 

For (pe C^{M), one of the following conclusions is right. 

1. The function <—>■ f is constant for v G ./#inv(A^, /). 

2. M(<^|A^(A^), /) 7 ^ 0 and 

htop (^M{ip\N(Af,),f)'^ = sup |hj.(/) : u G .^m^>(A^,/)} , 

where M{(p\N{Af,), f) = M{(p,f) n A^(A^). 

The condition fl2.ip is motivated by the work of Pesin Sz Pitskel |20] and we do not 
require the measures are ergodic. From theorem 12.11 we obtain that if the function 
iz f (pdiz is not constant for z/ G ./^inv(A^, /), we have M{ip, /) 7 ^ 0 and 

htop{M{ip, /)) > sup |h^(/) : G 

Corollary 2.1. Let f : M ^ M be a diffeomorphism of a compact Rieman¬ 

nian manifold and let oj G ^erg{M,f) be a hyperbolic measure. For fi < A“(a;) and 
(^2 < let A^ = supp(ci;|A;(/5i,/d 2 , e)). If (f G C^{M), one of the following 

conclusions is right. 

1. The function iz ^ f (pdiz is constant for v G ./^inv(Atj, /). 

2. M(<y 9 |A^(A^), /) 7 ^ 0 and 

ht„p[M[Lp\N(A^),f)) = sup |hj.(/) : v G .^m^(A^,/)| . 

3 Proof of Main Result 

In this section, we will verify theorem 12.11 To obtain the lower bound estimate we 
need to construct a suitable pseudo-orbit and a sequence of measures to apply entropy 
distribution principle. Our method is inspired by |T 6 ], [ 21 ] and [27] . 
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3.1 Katok’s Definition of Metric Entropy 

We use the Katok’s definition of Metric Entropy based on the following lemma. 

Lemma 3.1. [H] Let {M,d) be a compact metric space, f : M ^ M be a continuous 
map and v be an ergodic invariant measure. For e > 0, 5 G (0,1) let N^{n, e, 5) denote 
the minimum number of e-Bowen balls Bn{x, e), which cover a set of u-measure at least 
1 — 5. Then 

hu{f) = limliminf — logiV^(?7,, e, 6) = limlimsup — log N^{n, e, 6). 

e—>-0 n—>-oo Tl c—^0 n—^■oo ^ 

Fix 5 G (0,1). For e > 0 and u G .y^erg{M, /), we define 

e) := lim inf — log e, 5). 

n—^oo n 

Then by lemma IXTl 

£—>■0 

If u is non-ergodic, we will define e) by the ergodic decomposition of z/. The 

following lemma is necessary. 

Lemma 3.2. Fix e, 5 > 0 and n E N, the function s : .y^erg{M, /) —)■ M defined by 
u I—)■ e, 6) is upper semi-continuous. 

Proof. Let z/^ —)■ v. Let a > N^{n,e,6)-, then there exists a set S which (n, e) span 
some set Z with ^{Z) >1 — 5 such that a > ffS, where ffS denote the number of 
elements in S. If k is large enough, then i^fc(lJxGS e)) > 1 — 5, which implies that 

a > e, 5). 

Thus we obtain 


N'^{n,e,5) > limsup e, 5), 

k^oo 


which completes the proof. □ 

Lemma [32] tells us that the function s : .J^erg{M, /) —)■ M defined by 

s{m) = h^^\f, e) 

is measurable. Assume z/ = j.^mdT{m) is the ergodic decomposition of u. 

Define 

[ h^“*(/,e)dr(m). 

J .^erg{M,f) 


By dominated convergence theorem, we have 

K{f)=[ liinh^“*(/, e)dr(m) 




(3.2) 
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3.2 Some Lemmas 

For /i, G ^{M), define a compatible metric D on ^{M) as follows: 


L>(/i, u) 


E 


/ (pidjj - J (fiidiy\ 


where is the dense subset of C°(M). It is obvious that < 1 for any 

l^,jy ^ ^{M). 

Lemma 3.3. Fix e > 0. For any integer k > 1 and invariant measure v G /), 

there exists a finite eonvex eombination of ergodie probability measures with rational 

eoeffieients fVk = 

t=i 


Sk 


D{iy,iXk) < = 1, and “ (/, e) < 2 ^ . (/, e). 


i=i 


Proof. Let 


z/ = / _ mdT{m) 

./^erg'(Ayj,,/) 


be the ergodie decomposition of u. Choose N large enough such that 

^ 2 1 


n=A^+l 


2”+i 3k' 


We choose C > 0 such that -D(z^i, 1 ^ 2 ) < C implies that 

\\f 


FndVl - / (Pndl'2 


< 


3k 


,n = 1,2,--- 


Let Ak^ 2 ) • • • , Ak^sk) be a partition of ./#erg(A^, /) with diameter smaller than (f. 

For any A^y there exists an ergodie mkj G Akj such that 


A^k,j 


h^'"\fA)dT{m) < T{Akj)h^lUf,e). 


Obviously mk,j{Afij = 1 and e) < Yl,%i^{^k,j)h^f.{f.,e). Let us choose ratio¬ 

nal numbers > 0 such that 

1 




3ksk 


and 


Sk 


i=i 
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Let 




i=i 

By ergodic decomposition theorem, one can readily verify that 


LPndk' I 


< n = 1 ■ ■ ■ N 

- 3k ’ ’ ’ 


Thus, we obtain 


D{v,^ik) < 


k' 


□ 


Lemma 3.4. [6] Let f ■. M ^ M be a diffeomorphism of a compact Riemannian 
manifold and fi G /). Let T <L M be a measurable set with fi(T) > 0 and let 

SJ = y /”(r). 

nGZ 

Take 7 > 0. Then there exists a measurable function No : Q ^ N such that for 
a.e.x G hi and every t G [0,1] there is some / G {0,1, • • • , u} such that f\x) G T and 
\{l/n) -t| < 7- 

Lemma 3.5. (Entropy Distribution Principle ^\) Let f \ M ^ M be a continuous 
transformation. Let Z M be an arbitrary Borel set. Suppose there exists e > 0 and 
s > 0 such that one can find a sequence of Borel probability measures pik, a constant 
K > 0 and an integer N satisfying 


\im sup fik{Bn{x,e)) < Ke 

/c—>-oo 

for every ball Bn{x, e) such that Bn{x, ejClZ 7 ^ 0 and n > N. Furthermore, assume that 
at least one limit measure v of the sequence pk satisfies n{Z) > 0. Then htop{Z, e) > s. 


3.3 Proof of Theorem 12.1 

It suffices to consider the case that the function n f ipdu is not constant for z/ G 
‘^inv(A^,/). Fix small 0 < 7 < 1 and 0 < 5 < 1. Let C ;= sup{h.i,(/) : u G 
‘^inv{dip, f)}. Obviously, C is hnite. Choose fii G f) such that 

V(/)>C-7/3 

and p,' G ^inv{dip, f) satishes J ipdpi 7 ^ / ipdp'. Let p 2 = Dpi + t 2 p' where + ^2 = 1 
and ti G (0,1) is chosen sufficiently close to 1 so that 

h^,(/)>C-27/3. 
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Obviously, f (pd/^i ^ f ifdn 2 - By 03.21) . we can choose e' > 0 sufficiently small so 

/<?'(/. e') > C - 7 and t') > C - 7. 

Let p : N —)■ {1, 2} be given by p{k) = {k + l)(mod 2) + 1. The following lemma can 
be easily obtained from lemma 13.31 

Lemma 3.6. For any integer k > 1 and pi, P 2 £ f), there exists a fi¬ 

nite convex combination of ergodic probability measures with rational coefficients Vk = 

'Yf such that 

j=i 

D{pp^k),i^k) < ■^,mkj(Ap) = 1 , and (/’^')- 

i=i 

We choose a increasing sequence Ik ^ oo such that mkY^h) > 1 — 7 for all 
1 ^ J ^ Sk- Let T] = ^5 it follows from weak shadowing lemma that there is a 
sequence of numbers Let ^k be a hnite partition of X with diam(^A:) < % and 

^k > M \ A 4 }. For n G N, we consider the set 

= {x e A 4 : /''(x) G ^k{x) for some q G [n, (1 + 'y)n] 

and D{(om{x),mkj) < — for all m > n}, 

fC 

where ^k{x) is the element in ^k containing x. By Birkhoff ergodic theorem and lemma 
13.41 we have mkj{A^{mkj)) —)■ mk^^h) as n —)■ cxd. So, we can take Uk ^ 00 such that 

mk,j{X^{mk,j)) >1-5 

for all n> Uk and 1 < j < s^. 

For fc G N, let 

Q{A'^{mk,j),e') = infljjA : S is (n, e') spanning set for A^{mkj)}, 
F(A"'(mfcj), e') = supljjA : S is (n, e') separated set for A"'(mfcj)}. 

Then for all n>nk and 1 < j < s^, we have 

P{A^{mk,j),e') > Q{A^{mkj),e') > (n, e', 5). 

We obtain 

Mm inf i log e') > (/, t'). 

n->-oo n '“’J 

Thus for each k E N, we can choose tk large enough such that exp( 7 tfc) > ^^k and 

ilogP(A‘*(mi,,),£') >'»“(/.«')-7 
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for 1 < j < Sk- Let S{k,j) be a (t^, e')-separated set for and 

*S(k,j) > exp ( 4 (ftS‘(/.€') - 27)) . 

For each g G [ffc, (1 + 7)4], let 

Vg = {xE S{k,j) : f^ix) E Cfc(a:)} 


and let n = n{k,j) be the value of q which maximizes Obviously, n > tk and 

tk > exp( 74 ) > 74 + 1 , we have that 

#14 > > exp (^tkih^llif, e') - 37)) . 

Consider the element An{mkj) G 4 such that #(Ki O An{mkj)) is maximal. Let 
M 4 (fcj) = Vn{k,j) n An{k,j){mkj). It follows that 

#II 4 (fcj) > (/,e') - 37)) . 

Since exp(7tfc) > tk > n{k,j){l - 7) and 4 fWn{k,j) > 1 , we have 

i^Wn(k,3) > exp (n(A;, j)(l - e') - 47)) . 

Notice that An{k,j){jnk,j) is contained in an open set U{k,j) with diam( 4 (/c,j)) < 
3 diam(,^fc). By the ergodicity of p, for any two measures rufci jY)''^^ 272 any natural 

number N, there exists s = s{ki, ji, k2, j2) > N and y = y{ki, ji, k2, j2) G U{ki,ji) O 
such that f^{y) E 4(/c2,72) O Letting Ckj = we can choose an integer 

Nk large enough so that NkCkj are integers and 

Nk>k ^ s(ri, ji,r2,j2). ( 3 . 3 ) 

l<ri ,r2<fc+l 


1 

Let Xk = '5(^,4, k,j + 1) + s{k, Sk, k, 1) and 

j=i 

Yk = ^ Nkn{k,j)Ckq + Xk = Nk + Xk, 
i=i 

then we have 





(3.4) 


(3.5) 


10 



Choose a strictly increasing sequence {T^} with G N, 


^ k k 

hfc+i < 7 —r YrTr, '^{YrTr + s(r, 1, r + 1,1)) < j-^Yk+iTk+ 1 . (3.6) 


k + 1 


r=l r=l 

For X E X, we define segments of orbits 

Lk,j{x) := {x, f{x), • • • , r^'"’^^~\x)), l<j< Sk, 

Lk,,n,k2,j2ix) ■= {x,f{x),--- <ji < Ski,i = 1 , 2 . 

Consider the pseudo-orbit with finite length 

Ok = 0(a;(l, 1,1,1), • • ■ , x{l, 1,1, iViCi,i), • • • , x{l, si, 1,1), • • • , x{l, si, 1, 


a;(l, l,Ti, 1), • • • ,a;(l, • • • , a;(l, si, Ti, 1), • • • , a;(l, si, Ti, 


x{k, 1,1,1), • • • ,x{k, 1, l,iVfcCfc,i), • • 


, x{k, Sfc, 1,1), • • • , x{k, Sk, 1, NkCk,sk); 


x{k, 1, Tk, 1), • • • , x{k, 1, Tfc, NkCk,i), ■■■ , x{k, Sk, T^, 1), • • • , x{k, Sk, Tk, NkCk,sk)\ ) 
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with the precise form as follows: 


1,1,1)), • • ■ , 1,1, N,C,,,)), 1,1, 2)); 

hi,2(a:(l, 2,1,1)), • • ■ , Li^2{x{l, 2,1, NiCi^2)), -hi,2,i,3(l/(l, 2,1, 3)); • • • , 

a,si(a:(l,si, 1,1)), • • • 1, Si, 1,1)); 


L 

L 


1, Ti, 1)), • • • , 1, Ti, Li4_i^2(|/(1, 1,1,2)); 

-^i,2(a^(l, 2, Ti, 1)), • • • , Li^2(a^(l, 2, Ti, iViCi_2)), -hi,2,i,3(l/(l, 2,1, 3)); • • • , 

1)), • • ■ , (a;(l, Si, Ti, iViCi^^J), Si, 1,1)); 

2(l/(l, 1,2,1)); 


Lk,i{x{k, 1,1,1)), • • • , Lk,i{x{k, 1,1, NkCk,i)), £fc,i,fc,2(|/(^, 1, k, 2)); 
Lk,2{x{k, 2,1,1)), • • • , Lk,2{x{k, 2,1, NkCk,2)), Lk,2,k,z{y{k, 2, /c, 3)); • • ■ 
Lk,sk {x{k,Sk, 1,1)), ■■■ ,L 

k,Sk (x(/C, 5/^5 1, ) ) {y{k,Sk,k,l))-, 


Lk,i{x{k, 1, Tfc, 1)), • • • , Lk,i{x{k, 1, Tfc, iVfcCfc.i)), 2fc,i,fc,2(l/(/i^, 1, k, 2)); 

Lk,2{x{k, 2, Tfc, 1)), • • • , Lk^2{x{k, 2, T^., NkCk,2))i Lk,2,k,z{y{k^ 2, k,3))] ■ ■ ■ 

Lk,S)^ {x{ki ^ki Tki 1)) 5***7 ^kySk (x(/c, 5/;;, 7/;;, , S ) ) 5 ^ (l/(A;,Sfc,/c, 1)); 

L(?/(/c, l,/c + l,l));}, 

where x{q,j,i,t) E Wn(q,j). 

For 1 < q < k,l < i < Tq,l < j < Sq,l < t < NqCqj, let Mi = 0, 

q-l 

Mq = Mq^i = ^{TrYr + s(r, l,r + 1, 1)), 

r=\ 

Mq^i = Mq^i^i = Mq + (f — l)Yq, 

. 7-1 

Mq^ij = Mq^ij^i = Mq^i + '^{NqU^q, p)Cq^p + s{k,p, k,p+ 1 )), 

p=l 

Mq^ij^t = Mq^ij + {t- l)n{q,j). 

By weak shadowing lemma, there exist at least one shadowing point of 0^ such that 

d{f^<iXj,t+P(^z),fP{x{q,j,i,t))) <veoexp{-elq) < ^eoexp(-e/g) < 

460 4 

for 1 < g < /c, 1 < i < Tg, 1 < j < Sg, 1 < t < NqCqj,l < p < n{q,j) — 1. 
Let B{x{l, 1,1,1), • • • , x{k, Sk, Tk, NkCk^sk)) b® Ibe set of all shadowing points for the 
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above pseudo-orbit. Precisely, 

1,1,1), • • • , x{k, Sk, Tk, NkCk,sk)) = 

, a;(l, si, 1,1), • • • , a;(l, si, 1, 

* * ‘ ) 

x{l, 1, Ti, 1), • • • , x{l, 1, Ti, ), • • • , x(l, si, Ti, 1), • • • , x{l, si, Ti, 

‘ ) 

x{k, 1, Ti, 1), • • • , x{k, 1,1, NkCk^i ,), • • • , x{k, 1,1), • • • , x{k, Sk, 1, NkCk,st,); 


x{k,l,Tk,l), - ■ ■ ,x{k,l,Tk,NkCk,i,), - ■ ■ ,x{k, Sk,Tk,l), ■ ■ ■ ,x{k, Sk,Tk, NkCk,sk))- 

Then the set B{x{l, 1,1,1), • • • ,x{k,Sk,Tk,NkCk,sk)) can be considered as a map with 
variables x{q,j,i,t). We dehne Fk by 

Fk = lj{5(a;(l, 1,1,1), • • • , x{k, Sk, Tk, NkCk,st)) ■ 

^(1) 1) 1) 1) ^ bPn(l,l)) ' ' ' 1 x{k, Sk, Tk, NkCk,Sk) ^ bPn(fc,Sfc)}- 

Obviously, Fk is non-empty compact and Fk+i F Fk- Dehne F = 

Lemma 3.7. For any z ^ F, 

lim <Tm^^{z) = Hi, lim = /is, 

K—>-oo K—>-oo 

q-1 

where Mg = {^Yr + s{r, l,r + l,l)),q = 1 , 2 , • • •. 

r=l 

Proof. It sifhces to prove that for any ip G C^{M), 


Aifc+i-l 


lim —— 

fc— >00 A4k+i 


- / ipdfipik) = 0 . 


Assume that 


^ e B{x{l, 1,1,1), • • • , x{k, Sk, Tk, NkCk,sk)). 

For c > 0, let Var(i/’,c) = sup{|i/’(a;) —ip{y)\ : d{x,y) < c}. We have 

5'Tfcyfc+s(fc,i,fc+i,i)^(/^H^)) - (TkYk + s{k, l,k + l, 1)) jipdfipik) 

< ST^^Y^+sik,i,k+i,i)f’{f’^'^{z))-TkNk j ipdHp{k) 

+ \TkNk - {TkYk + s{k, l,k + l, 1))| \\ip\\ 

< SnrMfHz)) -+ nN, 

s{k, l,k + l, l)||i/’|| + \TkNk - {TkYk + s{k, l,k + l, 1))| \\ip\\. 
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Since Ckjn{k,j) = a^j, we have 


-TkNk / i’duk 


Sk 


< 


< 


+ TfcXfc 


-Tk'^NkCk,jn{k,j) / 'tpdrrik,] 
i=i 

'^k -^k ^kCk,j Sfe „ 

EE E E NkCkjn{k,j) / ijdmk, 

i=i j=i t=i j=i 

Tk Sk NkCk,j n{k,j)-l Tk Sk ^kCkj n{k,j)-l 

EEE E EEE E i^{r{x{kj,i,t))) 

i=l j=l t=l q=0 i=l j=l t=l q=0 

Tk Sk ^kCk,j 


i=i j=i t=i 
Tk Sk ^kCk,j 

i=l j=\ t=l 


n{kj) 


T7Sn{k,j)i’{x{k,j,i,t))- / -ipdiTik^j 


+ TkXk 


n{k,j) 


TrSnik,j)'il^{x{k,j,i,t))- / i!dmk,j 


+ TkYkVaT{^p, - exp(-e4)) + TkXkM- 


By 


D{fip(^k),Tk) < ^,D{(g’n{k,j){x{k,j,i,t)),mk,j) < p 


and inqualities fl3.3p . fl3.4p and fl3.5p . we have 

^TkYkYs{k,l^k-\-l, DiiT'Hz)) 


lim 

k^oo 


TkYk + s{k, 1, /c + 1,1) 


i’d^k 


= 0 . 


One can readily verify that 


lim ^ “1“ 1) _ 


k^oo 


Ml 


k+l 


Since 


1 c: ^ ^TkYk+s{k,l,k+hl)'^if^'‘i^)) 

^ Mk+iTK^ ) 


Mk+1 

1 


Mk+1 

1 


SMki’i^) + 


TkYk + s{k, 1, fc + 1,1) 

^TkYk+s(k,l,k+l, l)V>(/"‘(2)) *S*Tfe Ifc+s (/c, 1,/c+1, .)V>(/"‘(2)) 


Afi 


fc+1 


TkYk + s(/c, 1, A; + 1,1) 


< 


^fc+i 


Sj^ ipi^z) + TkYk + g(fc, 1, fc + 1,1) _ ^ 


M, 


+ 


fc+i 


TkYk + s(A;, 1, A; + 1,1) \ 

TkYk + s{k, 1, A; + 1,1) 


Ml 


k+l 


Ml 


k+l 
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we deduce that 


lim 

fc—>-oo 


M, 


k+l 


-SMt+ii’iz) - / ijdfik 


0 , 


which completes the proof. □ 

From lemma [321 we have F C M{ip, f) fl A^(A^). Next, we construct a sequence of 
measures to compute the topological entropy of F. We hrst undertake an intermediate 
constructions. For each 


^ 1)) ’ ’' ) x{k^ Sfc, )) G hFn(i,i) x • • • x hFn(fc,sj.)) 

we choose one point z = z(x) such that 


G B(x(l, 1,1,1), • • • , x{k, Sk, Tk, WCfc.sJ) 

Let Lk be the set of all points constructed in this way. Fix the position indexed m, j, i, t, 
for distinct x{m, j, i, t),x'{m, j, i, t) G Wn[m,j), the corresponding shadowing points z, z' 
satisfying 


>d{f^{x{m, j, h f)), P{x'{m, j, i, t))) - d{f^^’^’^’^^'^{z), P{x{m, j, i, t))) 

- f‘^{x\m, J, b t))) 

>d{P{x{m,j,i,t)),f^{x'{m,j,i,t))) - 

Noticing that x{m, j,i,t),x'{m, are (n(m, j), e')-separated, we obtain 
(n(m, j), e'/2)-separated. Thus 

=(#<iS'‘«<S) “ ■ • • #<£')“)" ■ • ■ (pcS'‘«<hr ■ ■ ■ 

We now dehne, for each k, an atomic measure centred on L^. Precisely, let 


ttfc — 




In order to prove the main results of this paper, we present some lemmas. 


Lemma 3.8. Suppose u is a limit measure of the sequence of probability measures ak- 
Then y{F) = 1. 

Proof. Suppose p = hmfc_,.oo for l^ —>■ oo. For any hxed I and all p > 0, ai^p{Fi) = 1 
since C Fi. Thus, p{Fi) > limsup^^o^ = 1. It follows that p{F) = 

linp^ooi^(F/) = 1. □ 
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Let 3 = Bn(x, be an arbitrary ball which intersets F. Let k be an uniqne 
nnmber satishes Mk+i <n< Mk+ 2 - Let i G {1, • • • , 7fc+i} be the nniqne nnmber so 

Here we appoint Mk+i,Tk+i+i = Mk+ 2 ,i- We assnme that i > 2, the simpler case i = 1 

is similar. 


Lemma 3.9. For p > 1, 




Affc I 1 Cl, 


.^k + lCk+1,3^.^1 N j-lN-l 


Proof. Case p = 1. Snppose ak+i{Bn{x, ^)) > 0, then Lk+i fl Bn{x,^) ^ 0. Let 
^ e Lfc+i nH„(a;, ^), where 


■L (^(1) 1) 1) 1))''' ■) x{k^ Sfc, )), 

y_ = 1 , 1 , 1 ),-•• ,y{k,Sk,Tk,NkCk,sk)), 


and 


^fc+i = {,x{k + 1,1,1,1), • • • , a;(A; + 1, Sk+i, i - 1, W+iCfc+y^^+i), 
• • • , x(/u -|“ 1, Xfc, Nk+lCk.\-l^Sk+i)') 

Ek+i = Aik + 1,1,1,1), • • • , p(A; + 1, Sfc+i, i - 1, Nk+iCk+i,sk+i) 

■ ■ ■ , uA F 1, Sfc+1, Tfc, Nk+iCk+i.^sk+i)')■ 


Since dn{z, z') < we have x = y and x{k + 1,1,1,1) = y{k + 1,1,1,1), • • • , x{k + 
1, Sk+i, i - 1, Nk+iCk+i,sk+i) = y{k + 1, Sk+i, i - 1, Nk+iCk+i,sk+i)- Thus we have 


, r, ,V. 

Oik+l{Bn{x, )) ^ 




n(fc+l,2) 


■«1T, 


N, 


fc +1 ^/c + 1 , S 

n(/c+l,Sfc+i) 


^'^k+ 


l-(i-l) 


tlTfc+i 




WiiiC, 


/c+1,2 




Case p > 1 is similar. 

Since aij = n{l,j)Cij, 

^Wn(i,j) > exp (n{l,j){l - 7)(/i™“J(/, e') - dq)) , 


□ 
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by lemma ESI we have 

^Lfc = (^tthh;,(i,i)’ Wnil,2) ■ ■ ■ B^n(l,.i) ) ■■■ \}^n{k,l) B^n(fc,2) ' ' ' Wn{k,su) 

k Si 


and 


a «=‘P I E E TMQjn(l,])(,l - 7 )(ft™;'(/.«') - 47 ) 

.1=1 j=l 
k 

> exp ( ^ T,Af,(l - 7 )(ft^;‘ (/, £') - 47 ) 

. 1=1 
k 

>exp j '^TiNiil - 7)(C - 57) 

.1=1 


i—1 


B ^^n(k+l,l) B ^^n(fc+l,2) * * * B ^^n{k+l,sk+i) 

('^fc+l 

^(i - l)Nk+iCk+i,jn{k + 1, j)(l - 7 )(^S!i, 7 (/’ ^') “ ^7) 
> exp {{i - l)iVfc+i(l - 7)(C - 57)). 

Hence we obtain 

lir / jATTr^k+l^k+l,! aTT/-^k+lCk+l,2 ji-rTr^k+lCk+l,s 

^Lk [Wnik+1,1) Wn{k+l,2) •••B^n(fc+l,.fc+i) 

r ^ 

>exp < ^TiNi{l - 7)(C - 57) + (i - l)iVfc+i(l - 7)(C - 57) 


"fe+i 


i—1 


1=1 


= exp 


J^TiNi + {t- l)Nk+i (C - 57)(1 - 7) 


. 1=1 


= exp < n (C — 57) (1 — 7) 


n-J2liTiNi-{i-l)N,+, 


n 


(C-57)(1-7) 


From (I3.4j) and z > 2, we have 

k k k 

n - ^ TiNi -{i- 1)A^fc+i = - X] TiYi -{i- l)Yk+i + ^ TiXi + {i - l)Xk+i 

1 = 1 1 = 1 

k-\-l k 

E Yk+i + s{r, 1, r + 1,1) + TiXi + (z — l)Xfc+i. 


1=1 


r=l 


1=1 


By inqualities (I3.3p . (13.4^ . (I3.5p and (13.61) and z > 2, we obtain 

lim ~ ~ ~ (C - 57)(1 - 7) = 0. 

n^oo Tl 
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Thus for sufficiently large n, we can deduce that 


iimsupa„(B„(x 

m—>-oo o 

< exp{-u((C - 57)(1 - 7) - 7)}- 
Applying the entropy distribution principle, we have 

htop{M{ip\N{Af,), /), > htop{F, ^) > (C - 57)(1 

Let e' —>■ 0 and 7 ^ 0; we have 

h 

To obtain the upper bound, we need the following lemma. 
Lemma 3.10. [8] Fort > 0, consider the set 

B{t) = {x E M \3i> eV{x) satisfying h^if) < t}. 
Then htop{B{t)) < t. 

Let 


Hop I — sup s hjy (y) . u G 


t = sup K{f) : U e J^inv{A^, 


Then M(v?|iV(A^),/) C B{t). Thus 

h-. 

and the proof of theorem 12.11 is completed. 


top 1-^7 ))/')) — sup S hj/ (y) . Z/ G .y^inv 


4 Some Applications 

Example 1 Diffeomorphisms on surfaces Let f : M ^ M he a diffeo- 

morphism with dimM = 2 and htopif) > 0, then there exists a hyperbolic measure 
m G ^erg{AI, f) with Lyapunov exponents Ai > 0 > A2(see [22]). If (3i = IA2I and 
(32 = Ai, then for any e > 0 such that /3i, (32 > e, we have m{A{/3i, (32, e)) = 1. Let 

00 

A = IJ supp(m|A(/?i, /32, e)). 

k=l 

If (p G C'O(M), one of the following conclusions is right. 

1. The function ft J (fdfi is constant for /i G .^inv(A, /). 
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2. M{ip\N{A), f) 7^ 0 and htop (^M {ip\N {A), f)^ = sup |/i^(/) : /i G ^inv(A,/)|. 

Example 2 Nonuniformly hyperbolic systems In [13], Katok described a con¬ 
struction of a diffeomorphism on the 2-torus with nonzero Lyapunov exponents, 
which is not an Anosov map. Let /o be a linear automorphism given by the matrix 



with eigenvalues < 1 < A. /o has a maximal measure /ii. Let Dj. denote the disk 
of radius r centered at (0,0), where r > 0 is small, and put coordinates (si,S2) on Dr 
corresponding to the eigendirections of A, i.e, A(si,S2) = (Asi,A“^S2). The map A is 
the time-1 map of the local flow in Dr generated by the following system of differential 
equations: 

dsi . . ds2 

_ = ..logA,^ = -..logA. 

The Katok map is obtained from A by slowing down these equations near the origin. 
It depends upon a real-valued function -0, which is dehned on the unit interval [0,1] 
and has the following properties: 

(1) 'll) is except at 0; 

(2) -0(0) = 0 and 'ijjiu) = 1 for m > rg where 0 < rg < 1; 

(3) 'ifj'iu) > 0 for every 0 < m < rg; 

(4) So m<^- 

Fix sufficiently small numbers rg < ri and consider the time-1 map g generated by the 
following system of differential equations in 

^ = Si'0(Si + sl) log A, ^ = -S 2 'ip{sl + si) log A. 

The map /, given as f{x) = g{x) if x G Dr^ and /(x) = A(x) otherwise, dehnes a 
homeomorphism of torus, which is a C°° diffeomorphism everywhere except for the 
origin. To provide the differentiability of map /, the function -0 must satisfy some 
extra conditions. Namely, the integral must converge “very slowly” near the 

origin. We refer the smoothness to [13]. Here / is contained in the closure of 
Anosov diffeomorphisms and even more there is a homeomorphism tt : ^ such 

that TT O /g = / O TT. Let Z/g = 7r*/ii. 

In [I6], the authors proved that there exist 0 < e <C /9 and a neighborhood U of z/g 
in .^inv(T^,/) such that for any ergodic z/ G t/ it holds that z/ G ./^inv(A(/3,/?, e),/), 
where A(/3,/3,e) = supp(z/g|Afc(/3,/3, e)). 
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Corollary 4.1. If (p ^ one of the following conclusions is right. 

1. The function p J pdp is constant for /i G ^inv{A{/3, ft, e), /). 
T^{p\NiA{ft,ft,e))J)^^ and 

htop (T‘^{p\N(A{l3,l3,e))J)^ = sup |/i^(/) : p e .^inv(A(/?,/^, e),/)} • 

In [16] , the authors also studied the structure of Pesin set A for the robustly transi¬ 
tive partially hyperbolic diffeomorphisms described by Mane and the robustly transitive 
non-partially hyperbolic diffeomorphisms described by Bonatti-Viana. They showed 
that for the diffeomorphisms derived from Anosov systems ^irw{A, f) enjoys many 
members. So our result is applicable to these maps. 
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